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Abstract 

Using the field theoretical approach introduced by Cremades, Ibahez and 
Marchesano for describing open strings attached to D9 branes having different 
magnetizations, we give a procedure for determining the Kahler metrics of 
those open strings in toroidal compactifications. 
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1 Introduction 

In order to connect string theory with experimental data we need to develop tech- 
niques that allow us to compute the low-energy four- dimensional effective action 
that can be directly compared with what we observe in high energy experiments, 
starting from the original ten dimensional theory compactified on R^'^ x Mq, where 
Mq is a compact six dimensional manifold. In particular, it is important to un- 
derstand how the four- dimensional physics depends on the size and the shape of 
Me. 

Recently, in the framework of toroidal compactifications with a number of stacks 
of intersecting or of their T-dual magnetized D branes, semi-realistic string exten- 
sions of the Standard Model and of the Minimal Supersymmetric Standard Model 
have been constructed 0. In the magnetized brane scenario quarks and leptons cor- 
respond to open strings having their end-points attached to D branes with different 
magnetizations. Those open strings are called in the literature dycharged, chiral or 
twisted strings. Since in the case of a constant magnetization the dynamics of the 
open strings can be completely and analytically determined and the open strings 
can be exactly quantized [2], from the computation of string amplitudes one can 
in principle determine the low-energy four-dimensional effective Lagrangian involv- 
ing those fermionic chiral strings and their supersymmetric bosonic partners. In 

^See Ref. [1] for a description of some of those models. 
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particular, by computing three and four-point string amplitudes, in Refs. [3,4] the 
dependence on the magnetization of the Kahler metrics of the twisted strings has 
been determined. On the other hand, using instanton calculus and the holomor- 
phicity of the superpotential for Mq = x x T^, it has been seen [5-7] that the 
Kahler metrics of the twisted strings contain an additional explicit dependence on 
the moduli and also an arbitrary factor that up to now has not been possible to fix 
by an explicit string calculation. 

However, if one is not immediately interested in the string corrections to the 
parameters of the low-energy four-dimensional effective action, one does not really 
need to compute string amplitudes, but one can directly start from the action of 
M = 1 super Yang-Mills in ten dimensions with gauge group U{M), that describes 
the open strings attached to M D9 branes, perform on it a Kaluza-Klein reduction 
from ten to four dimensions and derive the low-energy four-dimensional effective 
action for the massless excitations. In particular, by imposing that the background 
gauge field in the six compact dimensions and along the Cartan subalgebra of U{M) 
is non-vanishing and corresponds to a constant gauge field strength, one gets a 
field theoretical description of the twisted open strings, previously defined. This 
approach pioneered in a beautiful paper by Cremades, Ibanez and Marchesano [8] 
for computing the Yukawa couplings of chiral matter and extended in Ref. [9] to 
orbifolds of toroidal models and in Ref. [10] to some non-toroidal compactifications, 
is the one that we are going to use for computing the Kahler metrics of twisted 
open strings. 

In this paper, following the approach of Ref. [8], we give a procedure for comput- 
ing the Kahler metric of twisted and untwisted scalar fields. In fact, unlike Ref. [8], 
we do not normalize to 1 the wave-functions in the compact extra-dimensions, but 
instead we keep the moduli dependence that naturally comes from the integral over 
the compact manifold. In this way we can correctly reproduce the dependence on 
the moduli of the Kahler metrics apart from factors involving the magnetizations. 
In order to get also these factors, we add a normalization factor for each scalar field 
and for its supersymmetric fermionic partner that is then determined by requir- 
ing that the Yukawa couplings, that we also compute, come from a holomorphic 
super-potential. In this way we reproduce the Kahler metric of the adjoint scalars, 
of those of the hypermultiplet and of those of the chiral multiplet without addi- 
tional arbitrary factors. It must also be said, however, that this is of course the 
minimal way to eliminate non-holomorphic factors in the Yukawa couplings. One 
could, in principle, also include factors that do not spoil the holomorphicity. Fi- 
nally, there is also the issue of how the four-dimensional complex field depends on 
the ten-dimensional fields that will be discussed in the conclusions. 

The paper is organized as follows. In Sect. [2] we consider the terms of the 
ten-dimensional action that are relevant in our calculations and we perform the 
Kaluza-Klein reduction from ten to four dimensions. Using the wave functions in 
the extra dimensions, that are computed in Appendix [Bl in Sect. Owe determine 
the Kahler metrics of the various scalar fields apart from a normalization factor for 



2 



each four-dimensional field. In Sect. IHwe compute the Yukawa couplings and fix the 
previous normalization factors by requiring that the Yukawa couplings come from 
a holomorphic superpotential. In Sect. [5] we insert those normalization factors in 
the two-point functions for the various scalar fields and we determine their Kahler 
metrics showing that the expression obtained are consistent with previous string 
calculations in the field theory limit. Sect. [6] is devoted to the conclusions and to a 
discussion of the form of the four- dimensional scalar fields in terms of the original 
ten-dimensional ones. 

Some Appendices follow. Appendix |A] is devoted to a description of the torus 
and of the moduli used in supergravity. In Appendix [B] we solve both the bosonic 
and fermionic eigenvalue equations for the wave functions in the extra dimensions 
obtaining the explicit wave functions. In Appendix [C] we add few details on the 
calculation of the Yukawa couplings and finally in Appendix [D] we discuss the four- 
dimensional supersymmetry transformations. 

2 The KK reduction of the relevant terms of the 
action 

The starting point of our analysis is the low-energy limit of the DBI action describing 
a set of M D9 branes, namely supersymmetric M = 1 super Yang- Mills with gauge 
group U{M): 

S = j,j rfi°XTr(^ - + ^iT'^DM^y (1) 

where g"^ = 4:7re'f'^''{2TT\/a')*^ and 

Fmn = VmAn -VnAm -i[AM,AN] ; DmX = V - i[AM, M (2) 

being A a ten dimensional Weyl-Majorana spinor. 

We separate the generators of the gauge group into those, called Ua, that are in 
the Cartan subalgebra and those, called Cab, outside of it [8] [10]: 

{Ua)ij = SaiSaj, {eab)ij = ^aihj {a ^ b) . (3) 

The gauge field Am and the gaugino are expanded as 

AM = BM + WM = Bl,Ua + W^eab ; A = x + ^ = X^f^a + *"'e„,. (4) 

Requiring that = Am implies that Bl^ is real and (W^i)* = Wl^. The same is 
true for the gaugino and its components x ^i^nd \E'. 

By inserting in Eq. ([1]) the expansions given in Eq. (jlj), we can rewrite the 
original action in terms of the fields 5, W , x ^ ■ Its explicit expression can be 
found in Refs. [8] [10]. 
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We separate the ten-dimensional coordinate into a four-dimensional non- 
compact coordinate and a six- dimensional compact variable and perform a 
Kaluza-Klein reduction of the Lagrangian in Eq. ([T]) expanding around the back- 
ground fields: 



{Bt,)iy^) + SBUx>^,y^), 
+ ^t{x^,y') 



(5) 
(6) 



where, in order to keep the four- dimensional Lorentz invariance, we allow a non- 
vanishing background value only for M = i, i.e. along the compact 
extra-dimensions. The presence of different background values along the Cartan 
subalgebra breaks the original U{M) symmetry into In terms of D branes 
this corresponds to generate M stacks, each consisting of one D brane with its own 
magnetization, different from that of the other branes, and the fields y*) for 
M = i describe twisted open strings with the two end-points attached respectively 
to two D branes a and b having different magnetizations. If some of the background 
values are equal, then the original gauge group U{M) is broken into a product of 
non-abelian subgroups. 

In the following we will not rewrite the entire action in terms of the fields 
introduced above, but we will only write the relevant terms, namely the quadratic 
terms involving the scalar and fermion fields and the trilinear terms involving a 
scalar and two fermions: we will derive the Kahler metrics from the former and 
the Yukawa couplings from the latter. We will also restrict our considerations to 
toroidal compactifications. 



The quadratic terms for the fields are the following: 



'2 

where 



+ 2i{{Fb)\Y' $f (7) 



D^^f = d^^f -t{Bl-Bl)^f ■ bi^f = d,^f -i{{B1) - {B'l))^f (8) 
with 



h \i 

b) j 



(9) 



where {F^Yj is the field strength obtained from the background field B"^. Analo- 
gously we can consider the quadratic term for the fields 6B°'{x'^, y^) obtaining: 



5f ^) = ^ / j dS^^dB'^ {djd^ + D^D") SB° 

where the gauge OmSB""^^ = has been chosen. 

The quadratic term of the fermions y*) is given by: 



S. 



d^x^Gi I d^'y^GQ^^'' ( T^D^ + TA ) ^ 



(10) 



:iii 
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where D^'^°^ and Di^"^^ are the same as in Eq. ([8]). 
The trihnear Yukawa couphngs are given by: 



and by 



S- 



(SB) 



(12) 



(13) 



respectively for the twisted scalar $ and for the untwisted scalar 5B. 

The four-dimensional effective action, corresponding to the ten-dimensional ac- 
tions given above, is obtained by expanding the ten-dimensional fields as follows H: 



$f(X) 



(14) 



The spectrum of the Kaluza- Klein states and their wave functions along the compact 
directions are obtained by solving the eigenvalue equations for the six-dimensional 
Laplace and Dirac operators: 



m 



„0f , ll\,)D,^l' = XnVn 



(15) 



with the correct periodicity conditions along the compactified directions. It is 
worthwhile to remind that, according to a standard procedure followed in di- 
mensionally reducing the ten-dimensional Dirac equation [11], it is necessary to 
make the operators T^D^ and T^Di commute in order to properly define simulta- 
neous eigenstates. This is accomplished by multiplying the latter operators with 
r(5) — -jr^r^r^r^, which yields to Eq. (fT5|) after having used the decomposition: 



1(6) , 



7(4) ® 7(6) 



(16) 



Inserting Eq. (HM and the first equation in f[T^ in Eq. ([7]) and using the coordinates 
z and z introduced in Eq. (175!) of Appendix A for describing the torus T^, one gets§ 



S. 



3 



(27ri?)^ 



d^ZrVG' 



X 



r=l 



ba 



Gy{D^D^-ml)+2 



<iFr);> 

' (27ri?)2 



ab 



ab 



(17) 



■^The wave- function in the extra dimensions can in principle also depend on the index z, but 
this does not happen in our case as one can see from Eqs. (fT5)) . 

■^In this formula the indices i and j run over each of the three torus T^. 
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that, more explicitly, can be written as: 



3 

^ n r=l L ^ 

3 



^baj^ab 
n 



r2 



r=l 



r=l 




{2TX Ryr^ 



where we have used Eqs. fl93|) and fl94l) . in which the first Chern class ap- 
pears. Moreover, we have introduced a normalization factor A^^^, that in general 
will depend on the moduli. This factor has been fixed in Ref. [8] requiring that 
the quadratic terms are canonically normalized. In this paper we adopt a differ- 
ent procedure and we will fix it later on by requiring the holomorphicity of the 
superpotential. 

From Eq. (fTSll we see that there are two towers of Kaluza-Klein states for each 
torus, with masses given by: 



(M, 



± ^2 
n,r/ 



mt ± 



1 



.8 = 1 



is) 



(r) 



(19) 



where Ng is an integer given by the oscillator number operator. The presence of 
the oscillator number is a consequence of the fact that, as shown in Eq. ( l99l) . the 
Laplace operator can be written in terms of the creation and annihilation operators 
of an harmonic oscillator. Notice that, since we use a dimensionless 7^, the factor 
^2t^^)2 in front is just there to cancel the dependence of the physical masses on 
the unphysical parameter R. One can have a massless state only if the following 
condition is satisfied for > or < 0: 



3 

s=l ^2 ^2 



s=\ ^2 



^2 



- 



(20) 



In this case one keeps A/" = 1 supersymmetry because there is a massless scalar that 
is in the same chiral multiplet as a fermion that we will study later. If one of the 
J^'s is vanishing and the other two are equal, then we have an additional massless 
excitation corresponding to an extended M = 2 supersymmetry. 



^This condition is the field theory hmit of the relation that one imposes in string theory in the 
twisted sector to keep M = 1 supersymmetry. 
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It is convenient to use fields ip^ with fiat indices [^: 



where 



ah 



2U, 



2U2 



2Uo 



2Uo 



To 



1 , . 9 \ afe 



V2 



\ab 



1 • 2 \ 



V2 



(21) 



(22) 



The action for the twisted scalars restricted to the lowest modes of the two towers 
of Kaluza-Klein states becomes: 



S. 



(1>o) 



2^? 



1 ^ 



s=l >- 



r=l 



2 



(23) 



The susy conditions given in Eq. (1201) show that only one of the two scalars is 
massless. In particular, by choosing in such equation r = 1 and Ji > 0, we see 
that ip>i^- is the massless scalar. The corresponding internal wave-function has been 
determined in Ref. [8] and is the product of three eigenfunctions 



3 

niab-f'nT' 
rr,signlr 

r=l 



(24) 



where 



labirir 



iab;nr 



Im[7('') 



2nr 

Ir 





iTT\Ir\Zr 



-2nr 



Ir 




(Lz, 



IrU^''^) for > 
/,^(")) for /, < 



(25) 



with = 0, . . . , — 1 labelling the Landau levels. Instead, by taking r = 1 and 
Ji < we have that (/^i + becomes the massless mode. It is useful to notice that 



Labour \] 



iba:nr 



and furthermore, the reality of the scalar action implies: 



^0" 



(26) 



^We will discuss in the conclusions the reason of this choice. 
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In conclusion, by performing the Kaluza-Klein reduction of the low-energy world- 
volume action of a stack of D9 branes on R^'^ x x x T^, we have found 
two towers of Kaluza-Klein states for each of the scalar fields ipr,± for r = 1,2,3 
corresponding to twisted or dycharged strings. In general, only the lowest state 
of one of the two towers and for a particular value of r (say r = 1 if Eq. (l20i) is 
satisfied for r = 1) is massless, depending on the sign of Ji. We have now all the 
elements for computing the Kahler metric of the scalars ip±. This will be done in 
Sect. [31 

Next we consider Eq. ( ITOl) for the adjoint scalars and expand the fluctuations 
as follows: 



(27) 



Inserting this expansion in Eq. (jlOl) and limiting ourselves to the constant zero 
mode we get B 



^9 

that is equal to: 



" s=i L J J 



X) 



(SB) 



2-47r 



s=l 



d X \l G A 



X 



r=l 



(28) 



where we have taken the constant lowest eigenfunction c°-{y^) = 1. 

Using the first metric in Eq. fl76l) and going to the Einstein frame, we get the 
following final expression: 

3 



where 



.1 Q-4>10 rpWrp(2)rp(3) 2<t,4 

2 2 2 2 



[d'x^/G: ^-^^9^^^(x)9,¥.,»(x) 



(29) 



(30) 



Here, the fields C^'s are the ones defined in the x coordinate system introduced in 
Appendix |Al 

We finally consider the kinetic term for the twisted fermions. It is obtained by 
plugging in Eq. (|TT1) the Kaluza-Klein mode expansion given in (IT^ . getting: 

1 



S 



(2) 



where we have used the identity 77''" = (77"'')^ which follows from the structure of 
given in Eq. (fT6l) . 

^Also here, as in Eq. (|17p. with an abuse of notation, we take the indices i and j running over 
each of the three tori. Furthermore we let the subindex drop. 
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3 The Kahler metrics 



In this section we continue the calculation previously started for determining the 
Kahler metric of the scalars ip±. In particular, we pay our attention on the term 
containing the massless scalar that we name (p. The Kahler metric Z can be read 
from the kinetic term for the field if given by: 



(32) 



written in the Einstein frame. The field is related to the fields by: Lp = 0, 
absorbing in the definition of the field the factor 47r present in ^f^. m and rh stand 
for the moduli. 

By comparing this equation with Eq. fl23|) the following expression for Z can be 
obtained: 



Z(m, m) 



3 r 



s=\ 



(33) 



where the factor e'^'^'^ has been added in order to go from the string to the Einstein 
frame |^. is a normalization function that we have introduced in the previous 
section and that will be determined by requiring that the super-potential is holo- 
morphic. 

The integral over the six- dimensional compact space has been performed in 
Ref. [8] with the following result valid both for positive and negative Chern- classes: 



n 



r=l 



n 

r = l 



r=l 




(34) 



where, in going from the first to the second line, we have used Eq. flHOl) and the 
last equation in (l85l) connecting the four-dimensional dilaton to the ten-dimensional 
one. Inserting Eq. fl34l) in Eq. fl33l) we get: 



r=l 




2s 



1/4 



n 




(35) 



where the last equation in (!86l) has been used. 

^We discuss only the case / > 0. The final relations are trivially extended to the case / < 0. 
*The relation between the string and Einstein metric is G^*^*"^ = e^'^^f^Bmstein 
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The scalars of the hypermultiplet can be obtained by imposing the following 
conditions: 



(1) 



(2) 



/s = . (36) 

-2 -'2 

When they are satisfied, it is easy to see that we have two massless excitations 
corresponding to the two complex scalars of the hypermultiplet of A/" = 2 super- 
symmetry. One gets for them the following effective action: 

1 



X 



3 p 
r=l L ^ 



iba lab 

5o n 



(37) 



where now the wave function contains only the 0-functions corresponding to the 
first two tori, while the wave function along the third torus is just a constant. From 
it, proceeding as above, we get: 



3 r „ -1 2 



(r) 



1/2 



Tr 



1/2- 



2U. 



(r) 



Introducing, as before, the two fields: 

^1 - 



V52 



^2, 



.(3J 



(39) 



we can rewrite Eq. fl?r|) as follows: 

d^x^,{m,m) \z'^y^'\D,^,{x)){D'^Mx)) + Z^y^'\D,^2{x))iD^^Mx))]i40) 



where in the Einstein frame one has: 



Z 



hyper 



^2(f>4 



-010 



r=l 



=1 {2\Ir\ 



(r) 



N? 



-^2 



1/2 
1/2 



(41) 



r=l 



The normalization factors will be determined by imposing, as in the case of chiral 
matter, the holomorphicity of the superpotential. 

We derive also the Kahler metric for the adjoint scalars. It can be obtained by 
comparing Eqs. (132|) and (!29|) : 



^(1)^(2)^(3) 
7 — „204„-'j'io 2 2 2 _ f 



^rp{l)rp{2)rp{3)Y/2 ^^j^q 

)4 ^ 2 2 2 / 



rp{r)TT{r) 
^2 '^2 



(42) 
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and this expression agrees with Eq. (2.20) of Ref. [12] obtained from the DBI action. 

In the final part of this section we compute the Kahler metric for twisted fermions 
which appears in the kinetic term for the fermions as: 



d^xZ{m, m) ^/Glt/J^^ ^[^^D^ ^ 
Comparing it with Eq. fl^ we get: 



ab 



(43) 



g2</)4g-</)io 



r=l 




r=l 




(44) 



where the factor e^**^" has been added for going to the Einstein frame. Eq. (jH]) gives 
the same dependence on the moduh as the Eq. (!35l) does, with the only difference 
due to a constant normalization factor. This is an expected result which follows 
from M = 1 supersymmetry, since the fields and if) belong to the same chiral 



multiplet. We also deduce that = iV^/v27r. 

In conclusion, with our procedure we have determined how the Kahler metrics 
explicitly depend on the moduli apart from that normalization factor that we will 
determine in the next section by requiring the holomorphicity of the superpotential. 



4 Yukawa couplings 

In this section we evaluate the Yukawa couplings both for the chiral multiplet and 
the hyper multiplet. In the case of the chiral multiplet, we start from the action in 
Eq. ( fT2i) where the expansions in Eq. ( |T4l) have been inserted: 



^ n,m,l 



In the following we focus on the term containing the massless scalar relative to the 
first torus. This implies that the condition: 

I rafel I Tab] I Tab] 

' ' ' - ' ^ ' + 41 (46) 



^(1) ^(2) ^(3) 
2 2 2 

must be satisfied. We are allowed to choose being positive and consequently 
the massless scalar results to be ipi = Furthermore, in order to satisfy the 

condition 

+ I'," + I^" = (47) 
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and to have non-zero Yukawa couplings, on the first torus we fix 



jca ^ Q . jab . JOC ^ g 



be 



(4^ 



implying that the internal wave function associated with the bosonic zero mode 
solution is the first one in Eq. (125|) . 

In this C3iSG, clS it is shown in Appendix O, one is left with the following expres- 
sion: 



5. 



(49) 



with the Yukawa coupling in the string frame given by: 



prab ATca prbe 



V2g^ 



4-n 

r=l 



(50) 



where in each of the last two tori we can choose the upper and lower sign indepen- 
dently from each other. The important point is that results to be non vanishing 
only when the chiralities of the two spinors 772^3 V2% opposite, while those of 
T^l"" and are equal. As in the case of the Kahler metric we add the three normal- 
ization factors for each of the three four- dimensional fields that we will determine 
by requiring the holomorphicity of the superpotential. 

The integral on has been computed in Appendix O It can be generalized, by 
using Eqs. fl 14911 154|) . to the case of x x for arbitrary values of the Chern 
classes as follows: 



-<f>io 



Y' 



in 



(r) 



1/2 



X e 



^ \ Tea ~t~ Tbc ~t~ Tab 





with n' = \P 



1; m' = 1/ 



1 1^ (2U2''\I^^\'^r''\Ibc^x'!-''\Jca^x'f-''y 

(51) 

- 1. Moreover Xr is 



Tab jbe jca j jir) ^ 
-'r -'r -'■r ^ f 



be I 



1; /' = 0,...,|r 



defined in Eq.f ll53p and 



U 



(r) 



for sign{I'^l'"'r^) < 
for signil^'P^I"'') > . 



(52) 



The previous result agrees with the one in Ref. [8] and each of the three 0-functions 
in Eq. (15T]) is a holomorphic function of the complex structure of the corresponding 
torus. It is worth noticing that, because of Eq. (!52|) . if sign{I^"-I^'^I^^) is not the 
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same for each value of r = 1,2,3, then some of B-functions will depend on U, while 
others will depend on U. 

Notice that Eq. (|5T1) is valid not only for the choice in Eq. ( l48l) . but for any 
arbitrary choice of the Chern classes. One can rewrite the Yukawa couplings in the 
Einstein frame multiplying the equation by e^'^^^e"''^**, where the first factor comes 
from the rescaling of the square root of the determinant of the metric and the second 
from that of the two fermionic fields. Using the last equation in f l85|) and taking 
then into account Eq. flHHj) . we see that the factors containing 04 combine together 
with other factors to give: 



X e 



9 I _ii I 

^ i Trn Tbc 



m 



J^ab 







(^(0)1/2 



1 y (2|/^''|X?'|/^c|x5!'^|Jca|x?'') 



(0| -/;''j,'%^'^f/J")^ 



1/2 



(53) 



where K is the Kahler potential given in Eq. fl57|) . With the choice in Eqs. 
and (HHjl the previous equation becomes: 



X 



.KI2 |'T^(l)U/2 

: a N"^ NT N^," ^ 



n 



(y«)l/2 



{21 f) ' ;L2 (2 1 11" I I /™ I ) 



1/2 



ne 

r=l 







(0| -/;''J,'%^'^f/J"^) 



(54) 



Because of the terms depending on the magnetizations, Eq. (15^ is not a holomor- 
phic function of the moduli unless we choose the normalization factors iV^^*, ■, 
in such a way to eliminate such dependence. This is what we are going to explain 
in the following. 

Eq. (H7j) must be satisfied for the three tori. In the first torus we have chosen 
the J's as in Eq. psj) . In the second torus let us choose sign{I'^') = sign{l2^) B 
With these two choices we get: 



jab I Tbc I Tcc 
ll -t-Ji -t-Ji 



jab 1 jbc 1 jca 
-'2 "T -'5 "I" -'5 








I T^'^\ 
Kl I 



I jca I I ra 

Kl I — Kl 



bc\ 
2 I 



I r'^'^l 



1 
ca 



(55) 
(56) 



because sign{l2°') = —sign{l\")^ as follows from Eq. ( l50l) . In the last step we have 
used the definition: 



(r) 



(57) 



^If this is not the case, we can repeat what we are going to do, substituting with J™ without 
loss of generahty. 
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where the quantities Ur will be shown to have also a precise meaning in the theory 
of magnetized branes and strings generating our model at low-energy. Finally, on 
the third torus let us choose sign[lf') = —sign[l\'^). This means that: 

If + ll" + Jg"" = ^ + l/g""! = l/g^^l =^ = + 1^1" (58) 

because sign{I^°') = —sign{I^'^), as follows from Eq. (1501) 0. 
Summing Eqs. fl55l) . fl56|) and fl58|) we get: 

which is satisfied by taking: 

, ,ab , ,ab , , ,ab , ,bc , he , , he , ,ca , ,ea , , ,ca ^eiri\ 
^1 =^2 +^3 , ^3 +^2 , ^2 =^1 +^3 ■ (60) 

Such a configuration preserves A/" = 1 supersymmetry in all the three sectors ab, be 
and ca. With the previous choices one gets: 

X2 = xr = ; X3 = xT = 1 ■ (61) 

Using these values in Eq. (!54l) we see that, if the normalization factors are taken 
as follows: 






<=(^^j '^^"=(^^j '^?=l^l (62) 

then the Yukawa coupling becomes a holomorphic function of the moduli! 

In the final part of this section we consider the Yukawa coupling involving the 
two fermions of the hypermultiplet and a scalar living in the adjoint representation 
of the gauge group [jj. This coupling is obtained by compactifying the terms of ten 
dimensional action given in Eq. f|T3|) . In the following we restrict our analysis only 
to the first term of this equation which gives the interaction of the two fermions ip'^ 
and ip'^^"' living in the bifundamental representation of the gauge group f/a(l) x [/^(l) 
with the massless scalar in the "adjoint" representation of the second gauge group. 
Here, the indices a and (3 label the degeneracy of the lowest fermionic state as 
described at the end of Appendix [Bl The second term of Eq. (fT3|) gives the 
interaction of the two fermions with the scalar in the "adjoint" of the group Ua{l)- 
Such interaction term has a sign that is opposite to the first term. This sign can be 
taken into account by multiplying the Yukawa coupling by a factor a which is equal 
to +1 [—1] if the fermion ip^"' is in the fundamental representation of the gauge 
group U,il) pail)]. 



^'^For any other choice of signs we get either an equivalent reahzation of Af — 1 supersymmetry 
or an extended A/" = 4 supersymmetry that we do not consider here. 

^^We caU it adjoint with an abuse of notation having in mind that the C/(l) gauge group is 
extended to a non-abehan group when some of the background values are equal to each other as 
discussed in Sect. [2j 
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Inserting in the first term of Eq. (fT3!) tlie zero mode of the expansion in Eq. 
271) and the massless fermions given in Eq. fll27p we get: 



'->3;a,/3 



3 

J r=l 



5 „i,ba 



(63) 



where we have taken the internal wave function of the scalar to be equal to 1 and 
used the relation between the four- dimensional fields and ten-dimensional ones given 
in Eq. (182|) . The Yukawa coupling in the four- dimensional string frame is equal to: 



An a- 



R 



3 r n ^ 

r=l L 



ba\\ 



2U. 



(^7(6) 



with {Y^^f^y = HYis^aVY- The factors depending on R and y/a' are a direct conse- 
quence of the factors present in Eq. (|82l) . 

Due to the peculiar structure of the six-dimensional F matrices, the only terms 
of the previous expression, that are different from zero, are the ones with r = 3 and 
a p. The result is: 



'010 



2V47r 



nr<'n 



r=l 



r=l 



1 



(65) 



where we have used the relation between T2 and 7^ given in Eq. (IHOll together with 
the expression of the Dirac- matrix given in Eq. flll5p . 

The Yukawa coupling in the Einstein frame is obtained by multiplying the pre- 
vious expression by the dilaton factor e^'^'^. Introducing, as for the case A/" = 1, the 
Kahler potential K given in Eq. (1881) we get: 



3 \E 



n 



1/2 



(66) 



The previous coupling is not a holomorphic function of the moduli. However, nor- 
malizing the fermions as follows: 



ab I 



1/2 



I T^-bl 
|-'2 I 



1/2 



Tr 



(1) 



(2) 



(67) 



where the first relation in Eq. (l36l) has been explicitly used, we restore also in this 
case the holomorphicity of the super-potential. 



5 Fixing the Kahler metrics 

In the previous section we have fixed the normalization of the four-dimensional fields 
by requiring that the Yukawa couplings come from a holomorphic superpotential. 
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We can now go back to the Kahler metrics that we have determined in Sect. [3] apart 
from an overall normalization, and fix them uniquely using the value obtained from 
the Yukawa couplings. Let us start from the chiral multiplet where the Kahler 
metric is given in Eq. (l35i) . Inserting in it the normalization given in the first 
equation in (J62i) we get: 



^chiral 



24" 



n 



1 



ab, ,ab 



1/2 



(68) 



where Eq. ( 1571) has been used. Let us now examine the dependence on the mag- 
netizations, given by the last factor in the r.h.s. of the previous equation. The 
dependence of the Kahler metric on the magnetizations has been computed by 
means of a pure string calculation in Refs. [3,4] obtaining in our notations: 



r(i - vl 



ab\ 



,ab\ 



Ffz/f ) 



3 ; 



1/2 



ab 
1 



ab , ,ab 



1/2 



(69) 



This expression, in the limit of small magnetizations, coincides with our result in 
Eq. ([HHD for the part concerning the magnetizations, consistently with the fact that 
this is just the limit that one should perform in going from the string to the field 
theory definition of v. In this limit, for positive values of one has: 



tan TTZ/r 



(r) 



(r) 



(70) 



which is realized for small values of z/,.. The expression for the twisted Kahler 
metric obtained from considerations about holomorphicity within the instanton 
calculus [5-7] contained a possible additional dependence on the magnetizations 
that we do not find in our field theoretical procedure. 

Turning to the Kahler metric of the hypermultiplet, given in Eq. (HTl) . we see 
that the dependence on the magnetization cancels and we get: 



zhyper 



1 



1/2 



(71) 



In this case the dependence on the magnetization drops out in agreement with the 
well-known result (see for instance Eq. (2.45) of Ref. [12]). 



6 Conclusions and outlook 

In this paper we have proposed a procedure for determining the Kahler metric for 
the twisted open strings defined as the ones having their end-points attached to two 
D branes with different magnetizations. Unlike Ref. [8] , where the kinetic terms are 
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canonically normalized and then the Kahler metrics appear in the Yukawa couplings, 
we keep for the quadratic terms the normalization that comes naturally from the 
Kaluza-Klein reduction apart from a normalization factor that we then determine 
requiring that the Yukawa couplings correspond to a holomorphic superpotential. 
We find that these normalization factors depend only on the magnetization. This 
procedure yields the Kahler metrics proposed in the literature [5-7] without the 
arbitrary factors that appeared in the previously mentioned proposals. In par- 
ticular, our procedure allows us to correctly determine the Kahler metric for the 
hypermultiplet that agrees with the expression obtained with other methods. 

In deriving the previous results we have, however, made implicitly two assump- 
tions. The first one is that the normalization factor contains only the minimal 
number of factors that make the superpotential holomorphic and the second one 
is that our reasonings are based on the specific form of the scalar fields <^r,± that 
we use (see Eqs. (^1]) and fl2^ ). But why do we use these scalar fields? Before 
trying to answer this question, let us observe that the introduction of the normal- 
ization factor allows us to actually rescale the field with a quantity and at the same 
time rescale the normalization factor with the inverse quantity without changing 
the Kahler metrics and the Yukawa couplings. In particular, this rescaling factor 
can be a function of the moduli. This means that the presence of the normalization 
factor does not allow us to determine the absolute normalization of the scalar field. 

Having said this, let us find the relation of ipr- with the original ten-dimensional 
fields. In the case of the adjoint scalars such relation is given in Eq. (130|) . For the 
twisted fields, starting from Eq. (pTj) and then using the relation between the 
variables x^, and z, z given in Appendix |Xl we get: 



2 up 



( 



W \27TRdz' 27iRdz 



2uPri'^ 



■.{U'^'^W2r+2-W2r+^) (72) 



where we have used Eqs. (1751) and the transformation rule of a covariant vector 0: 

W,r = \ Wk . (73) 
2TiRdz'' ^ ' 

Unlike the adjoint scalar in Eq. (l30l) . the fundamental scalar in Eq. (1721) is not a 
holomorphic function of the fields for the presence of the non-holomorphic pre- 
factor. If we want a holomorphic function we can incorporate the extra non- 
holomorphic factor in the normalization factor fixing it in a unique way. This 



^^The extra factor 2-kR in Eq. (|72|) is necessary for dimensional reasons (the x variables are 
dimensional, while the z variables are dimensionless) . 
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requirement eliminates the possibility of rescaling both the scalar field and the nor- 
malization factor, as discussed above. This unique rescaling leaves both the Kahler 
metric and the Yukawa couplings, determined above, unchanged. 

The procedure outlined in this paper can be extended to more complicated and 
more realistic compact manifolds and, if we restrict ourselves to toroidal compacti- 
fications, it would be important to develop string techniques for fully reproducing 
the field theoretical results in the zero slope limit and also for computing string 
corrections to the field theory behavior. 
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A The torus 

In this Appendix we summarize the properties of the torus and we list the 
combination of the string moduli that enter in supergravity. 

The torus can be equivalently described either by the "curved" dimensional 
coordinates x^, x^ that are periodic with period 2TrR going around the two one-cycles 
of the torus 

x^ = x^ + 2tiR x^ =x^ ^ 2tiR (74) 
or by the "fiat" dimensionless coordinates z given by: 

x^ + Ux"^ x^ + Ux'^ 

z = — TT-;^ — z = — — — — . (75) 

The dimensional parameter R is arbitrary and has been introduced to deal with 
dimensionless z and z. We will see, however, that the physical quantities do not 
depend on R. The metric of the torus in the two coordinate systems is equal to: 

^(x\x^) _T2 ( I Ui \ _ _ ^2 / 1 \ 

'ir2\u,\u\^)^^^^ -wAi ■ ^^^^ 

They imply 



ds^ = Cjf '"^ ^dx'dx^ = -^\dx^ + Udx^l^ = {2nRf-^dzdz . (77) 



The complex quantities U — Ui + iC/2 and T — Ti + correspond, respectively, 
to the complex and the Kahler structures of the torus T^. The real part of the 
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Kahler structure Ti is related to the the Kalb-Ramond field by 7i = —B12, while its 
imaginary part is related to the volume of the torus. We use dimensionless moduli. 
They are given in terms of the physical parameters of the torus, consisting of two 
radii -Ri and R2 and an angle a, by the following expressions: 

[/ = — e ; T2 = -^sma . (78) 
The area of the torus is given by: 

r-2-KR r-2-KR 

A= dx^ dx^V&^ = {2nfRiR2sma 
Jo Jo 

= {2TxRf [ dhVG(^ = {2T:RfT2 (79) 

and is independent of R. 

In string theory one usually introduces "curved" dimensional coordinates x^, 
which have periodicity 2'K\fa' when translated along the two one-cycles of the 
torus Efl. The relation between these coordinates and the ones given in Eq. fl71|) is 
X = {y/a' / R)x. In terms of these coordinates the volume of the torus is measured 
in units of the string length l-n^lx' rather then l-nR. This means that the string 
Kahler structure T2 is given by Eq. (ITHj) with R substituted by v^, i-e. 

T2 = ^r2 . (80) 

a 

The relation between the covariant fields defined in the x-coordinates with the corre- 
sponding ones in the x-coordinates can be obtained from the general transformation 
of coordinates rule of covariant fields: 

'dx''\ R 



dx^ 

It is also useful to give the relation between the four-dimensional field (p defined in 
Eq. fl30|) and the scalars written in the complex system of coordinates Cz- From its 
definition, given in Eq. fl30|) . we can write: 

^ VWV dx^ J VWV dx^ J VM ^ ' 

where the extra factor 2ti R is necessary for dimensional reasons, because the z's, 
differently from the x's, are dimensionless coordinates. 



"'^'^For the sake of simplicity wc could have introduced torus coordinates with the same periodicity 
R = \foJ . It is, however, useful to keep them different from each other to have a check on the 
formulas because the physics is independent on their choice. 
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We can introduce the following vierbein and its inverse: 
such that 

G!r"^ = - e)^. = wX\l) ■ ^^^^ 

In the final part of this Appendix we introduce the moduli fields that one should 
use in the supergravity action. In string theory the moduli are the ten dimensional 
dilaton and the ones related to the complex and Kahler structure U = Ui +iU2 and 
T = Ti + iT2 . In supergravity the variables to use are instead the following: 

S2 = e-<^^° J]Ti^) ; 4'^) = e-'^^°Ti'^) ; = ; e"-^^ = e"^^" J] (Ti*-)) (85) 

r=l r=l 

The subindex 2 means that they are the imaginary part of a complex quantity whose 
real part is given by suitable RR fields that are not needed here. The previous 
relations imply the following: 

3 3/2 3 

— ^ = e^*- TTTf= /%, ; e'^^ = s^'/\r]t^^Y'/' . (86) 

n3 Ar) ' 11 ^ /T-r3 j.W\i/2 ' ^ ^11 ^ ^ ^ ^ 

r=1^2 r=l lllr=l''2 J i=l 

The Kahler potential of the closed string moduli is given by: 

3 

ir = -logs2-5^[log4'-) + log4^)] . (87) 

r=l 

It satisfies the following identity: 

£,2(/)4 



B Solving the eigenvalue equations 

Let us start analyzing the case of the torus T^. In terms of the variables z, z defined 
in the Appendix El the gauge covariant derivative is given by: 

D, = d,-tB, ; D, = d,-iB, (89) 

where the background fields Bz and B^ are given by: 

n ^-^^ n '^I^ n n 7 n 7 irlizdz — zdz) 

fi^ = ; Bs = ^ ^ B = BJz + B-zdz = — ^ . (90) 

(U-U) {U-U) 2iU2 ^ ' 
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They imply {F = dB): 

-iD^, —iD-, 



ttI , , 

-TT = ^F,-^ ■ (91) 

(^2 



The expression for F^^ can be obtained from the fact that the first Chern class must 
be an integer /: 

F f nl 

— = / F^zdz Adz = I ^ F,s = — — . (92) 
27r J iU2 ^ 

From the previous expression for F^z one can easily compute 

(r) 

2^ < {F,.)\ >^'= 2.GM- < {F^hz >^'= -^iFr)f, = ^ (93) 



and 



■^2 ^2 



ir) 

2i < {FrY, 2^^^^"^ < (F,),, >^'= ^(F;"),, = (94) 



where the metric C given in Eq. ([76 
We also introduce 



rah ja jh ■ ^2 / J-^a t-i6 



r-r = -z-(F;,-Fi',). (95) 



TT 



If one considers the quadratic terms in the action, there is no loss of generality in 
choosing the magnetization on the D brane labeled with the index b to be zero. 
This allows us to simplify the notation by writing J"'' = /° = /. We perform this 
choice in Sects. |2] and [3] while we will reintroduce the indexes when considering the 
Yukawa couplings in Sect. HI 

Using the metric for the torus given in Appendix |X] one gets : 

D.D^ - . ( 4 f ( ; J ) ( I) - f {^.. ^.-} . m 

If J > we can introduce the creation and annihilation operator: 

~ Tclz\ [ttT \ ~ f ■kIz\ In I , ^, 

- - \^'-wy iw/ - "-'(*+ j = V 

that satisfy the harmonic oscillator algebra: 

[a, a^] = l . (98) 



^''in this equation and in the entire analysis of the torus the index k runs only on one torus 
and should not be confused with the one used in Eq. (fT5| . 
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Using Eqs. ([97]) in Eq. ([96]) we get: 



„ 27r/ / + + N 27r/ / + ^ 27vl , 

- DkD^ = — {aa^ + a^a) = — {2a^a + l) = ^ {2N + 1) 

To 



(99) 



The ground state for the torus is degenerate and there are J independent solu- 
tions given by: 



'J'J'2 



2n 
/ 





{Iz\IU) ; n = O...J-l 



which are determined by solving the equation 



(100) 



(101) 



with the following periodicity conditions to be satisfied in going around the two 
one-cycles of the torus: 



\z + l,z + 1) = e''''^''''^(f)''\z, z) (j)''\z + U,z + U) = e*^2("'""V"''(2, ^)(102) 



where 



Xi 



-lm{z) ; X2 



Hi 



:\m{U z) 



hxvU \mU 
Remember that we use the following definition of the 0-function: 



e 



a 
13 



,2^4i(n+f)2C/+(n+f)(2+§)] 



(103) 



(104) 



If / < the identification of Dz and Dz with the creation and annihilation operators 
is exchanged; i.e.: 



'ttI/ 



^7r|/| 

1j7 



(105) 



The operator in Eq. fl99]) becomes: 

- D.D'^ = ^ (2ata + l) ^ ^ (2iV + 1) . 

-'2 -^2 

The wave functions of the (degenerate) ground state, are given by: 



-2n 
I 




iIz\IU) ; n = 0...|J|-l 



and are determined by requiring them to satisfy the following equation: 

a (j)T2{z,z) = Dz(j)r2{z,z) = 



(106) 



(107) 



(108) 
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and the periodicity conditions in Eqs. fll02p . In particular, the structure of the 
phase factor in Eq. (11071) is fixed by the Laplace equation fllOSp . while the arguments 
of the Theta function follow from the boundary conditions in Eqs. ( 1102^ where we 
have used that Eq. (11031) can be equivalently written as 

Eqs. fl99p and (11061) can be immediately generalized to the torus x x 
getting: 

r=l -'2 r=l -'2 

where the arrow indicates the change from the dimensional variables x^yx"^ to the 
variables z, z. In conclusion, Eq. f|T5|) (in dimensionless compact coordinates) can 
be written as: 

We go on in considering the eigenvalue equation for the fermions given in Eq. ( |T5l) . 
In particular, we restrict ourselves to the case x x and decompose the six- 
dimensional Dirac algebra in the product of three two dimensional representations 
according to the relation 0: 

3 ^^3 



7^6) = 7(1) ® ^3 ® ^3 . ^5,^ ^ ^2^^ ^ ^ 

7(% = I ® 7^2) ® (T=^ ; 7^6) = I ® 7f2) ® 
7(6) = n ® I ® 7(3) ; 7(6) = I ® I ® 7(3) (112) 



with: 



li,--^=(° 0') : -rh^^'-ll I) . (113) 

Correspondingly, the ten dimensional Majorana-Weyl spinors are the product of 
a four-dimensional spinor and three two-dimensional spinors rji ® ri2 ® rj^. The 
ten-dimensional Weyl condition imposes that these latter have to be Weyl spinors: 

illr)llr)Vr = ±rir . (114) 

The Dirac matrices, previously introduced, satisfy the Clifford algebra with a flat 
metric. On the torus T^, in the complex coordinates, the metric is given in the 
second equation in (jTHD, and therefore the flat Dirac matrices has to be multiplied 
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See Ref. [13] 
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by a suitable vierbein: i.e. 7* = e* that is given in Eq. (!83|) . From it we get the 
Dirac matrices with a "curved" index: 



u. 



(r) 



(r) 



and therefore we can write: 



2 




U. 



(r) 



(r) 




2 



3N®(3-r) 



3N(g)(3-r) 



(115) 



(116) 



where V^*^" = V ® ■ ■ ■ ®V with n F-factors. 

Having defined the Dirac matrices, we go back to the eigenvalue equation in Eq. 
(flSi) and we square it, getting: 



:il7) 



For a single torus the second term in the l.h.s. of the previous equation is given by: 

1 27rJ 



2[7\y]AA- 2(27ri?)2 



[7^7^"][A,A 



(27ri?)2 T2 



1 
-1 



;ii8) 



where Eq. fl9T|) has been used. Eqs. 11181 and fl99l) we can put the fermionic 
eigenvalue equation in the following form: 



(27ri?)2 
27r/3 



2ti y (2iV^ + 1)^1 ® I ® I - 



r=l 



.(3) 



I (g) I (g) 0-3 



I (g) 0-3 (g) I 



;ii9) 



where we have decomposed rjn = vli ® Vn ® Vn- This equation shows that, for 
arbitrary signs of (r = 1, 2, 3), there is always a unique zero mode that is a chiral 
fermion. In particular, if /i,2,3 are all positive, then all three wave functions 
will have positive chirality: a^r] = rj. Since the original ten-dimensional fermion is 
a Weyl fermion with chirality xio, the four-dimensional chirality X4 will be equal to 
Xi = X10X1X2X3 where Xr = 1, 2, 3) is the chirality on the r-th torus. 

Since the zero mode eigenfunction on x x is the product of the zero 
mode eigenfunctions on each torus T^, we will limit ourselves to the Dirac equation 
on the torus T^: 







(120) 



where we have omitted the index to simplify the notation, and it is satisfied when 



V J-2 



D,r 
D,r 



Ir,- 



1211 
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with D given in Eq. (!9711 . The Weyl condition written in Eq. flll4p imposes that 
the spinor has to be of the form: 

= ( f ) = ( e ) 

with ?7_|_ and ?7_ spinors with opposite chirahty. By using again Eq. (!97j) . we have 
that the solution of Eq. (11211) imposes: 

a(,) = -ib-,r r]^^ = > (123) 

while for < 0, as previously discussed, the role of creation and annihilation 
operators is exchanged and we have: 

a(,) r]^^ = -iD,r T]^^ = < . (124) 

The previous equations coincide with those for the bosonic degrees of freedom (Eqs. 
IIOII and llOSp and thus the solutions exactly coincide with the ones in Eq. fl25l) 

^ab^nr^^ab^r . ^ab^n. ^ ^ab,n. ^^25) 

with ?7"*_ = (r/^IY)^- particular, if J > (/ < 0), then the spinor has positive (neg- 
ative) chirality because the spinor with the opposite chirality has a wave-function 
that diverges for large values of Imz. 

In the last part of this Appendix we extend the previous analysis to the case of 
the fermions of the M = 1 hypermultiplet. Such fermions appear in our model when 
one of the three tori, for example the third torus, is not magnetized, i.e. /a = 0. In 
this case, the equations of motion fll20p for the lowest massless components of the 
mode expansion, are along the first two tori analogously to the A/" = 1 case, while 
on the third torus the covariant derivative becomes the normal derivative. Also the 
boundary conditions are unchanged on the first two tori, while on the third one 
they become just the periodicity conditions of the wave-function when translated 
along the two one-cycles of T^. These simple considerations allow us to immediately 
write down the compact wave functions of the massless hypermultiplet fermions. 
They coincide, along the first two tori, with the ones of the chiral fermions written 
for example in Eq. (11221) . while are constant spinors along the third torus. In 
particular, the condition (I114p implies that the constant spinor has to be a Weyl 
spinor. Depending on its chirality, we have two different solutions for the internal 
wave-function which have opposite six- dimensional chirality: 

??a = ?/i,±®r/2,±®ea a = {T, i} ; = J ^ q = J ^ (126) 

where we have suppressed the index labeling the mode expansion and the upper and 
lower signs can be independently chosen. The lowest massless fermionic state is now 
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degenerate and, having both the ten-dimensional fermion and the internal wave- 
function a definite chirality, we have two four-dimensional fermions with opposite 
chirality. as expected. The full ten-dimensional wave-function can be written as 
follows: 

vl/„(x,i/) = N.^^,lj^{xn®My') = {T, i} • (127) 



C Evaluating the Yukawa couplings 

In this Appendix we give some details of the evaluation of the Yukawa couplings 
discussed in Sect. HJfor the chiral multiplet. In particular, we will show how Eqs. 
fH9l) . fl50|) and flSTl) can be obtained starting from Eq. fH5l) and considering only 
the zero modes. Let us concentrate our attention on the case in which the massless 
scalar is along the first torus (namely the condition in Eq. P6|) is satisfied). Eq. 
|5]) becomes 



1 T^^"^ r ^ r r 



r-.,^^ A^'^ A\^'^ 



:i28) 



where we have omitted the index to simplify the notation and inserted the indexes 
a, b, c in order to distinguish the different brane magnetizations. According to the 
choice of the Chern classes signs, only one of the four terms in Eq. (11280 corresponds 
to the Yukawa coupling of the massless boson with the two fermions. Thus one has 
to compute one of the following integrals over the compact space 



(1) 3 



n 



{27rRy 



1 ^ 

n 



r=l 



X K- 0i Vt ) is^9nIrv'^^ 0- (^^^rz/fry™ <J (129) 



be 



rac^ea lab 



26 



for the case /f > and , /f < 



be 



r(l) 



X (r^- r^t ) (s^^7nJrr^2% r^f J (^^^^^/a^^C:, ^'^J (130) 

for the case If < and Jj'^ Jf > 0, 



V2g 



1 ^ 

n 



{2-KRf 



r=l 

ibe ^ab 



ab 



ibe 



^ab 



'1311 



for /f > and If, If < 0, and 



3 r 



n 



{2nRy 



X (r]r+ 0t r/i) (.^^n/fr/- ^^^^.n/- ^2,±) (^^^^^^s^^^ <Pl%nit <±) (^32) 

for < and If, If > 0. The cases in which Jf > and If, If < and the 
one in which I^"- < and if, if > can be obtained from Eqs. fll3ip and (11321) 
respectively, by changing the indices ca with be. Notice that, in order to get a non- 
vanishing expression, the two fermionic components of the internal wave function 
along the second and the third torus need to have opposite chiralites. 

With the choice of the sign for the Chern classes along the first torus given in 
Eq. (HHI) . the internal wave function associated with the bosonic zero mode solution 
is the first one in Eq. (125|) . and thus only the first term in Eq. (I128p contributes. 
In this case to determine the Yukawa coupling one has to evaluate the integral in 
Eq. ([129]). 

In order to write a general expression of the Yukawa couplings which holds for 
each of the previous choices of the Chern classes signs, one can introduce a factor 
a = sign{lfl^"'l2'^I^^) = ±1 which encodes the signs sign{l2'^) and sign{I^^), 
relative to the second and the third torus and the overall sign of the coupling which 
is + in the case of Eqs. (fT29lfT30D and - in the case of Eqs. ( fT3TlfT32l) . 

Substituting Eqs. ( l25l) ) in the previous expression, we end up with the following 
product of overlap integrals of three 0-functions 
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iab,lr 



lea^rir 
signl^ 
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Let us first restrict ourselves to the case of tlie first torus T^. In order to calculate 
the previous integral one has to use the addition formula for the G-functions [14] 

^('il+"2) 



e 



2a 
ni 





2{nid+a+b) 
ni+712 





2{nin2d+n2a—nib) 
nin2(ni+?i2) 





{n2Zi - niZ2\nin2{ni + ^2)^) 



{zi + Z2\{ni + n2)fi) 
(134) 



xG 

where Z(^ni+n2) indicates the set of the integer numbers modulo (rii + 722). In our 
example, being ni = P"-, n2 = J'"^ < and I'^^ > with + I^^ + = 0, we have 



(p- {z)(p^ [zj = e ImCr t) 
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xe 



Jca jbcjba 





(135) 



Let us focus on the terms that depend on z and z and leave for a moment aside the 
last term in Eq. 01351) . These terms in fact contribute to the integral in Eq. 01331) 
on the first torus T^. For each value of the index d in the sum in Eq. (I135p . one 
has to evaluate the following integral: 



d Ze ^ImC7@ 



2(dJ°'^+m+n) 

Jab 
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(r'zir'u) .(136) 



By defining: 

z = x + Uy ; 0<x<l ; 0<y <1 ; U = Ui + iU2 
the previous integral becomes: 



(137) 
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(138) 



The integral over x can be easily performed and, in order to get a non-zero result, 
one has to impose the following relation: 



q + 



^jac _|_ ^ _j_ ^ 
Jab 



<1+J^b- 



(139) 



The integral over y can be rewritten as follows 



^y^-2.I^'U2y^ 



'0 



Jo 



28 



In conclusion, Eq. (11381) is equal to: 

where we have used the identity: 

/•I /"^^ 

du F{n + u)= duF{u) 

which trivially follows from: 

du y Fin + u) = lim > / dxF(x) = lim 



To 



(2/"*?72)i/2 



(140) 



(141) 



dxF{x). (142) 



Finally, one gets the following result for the integral in Eq. (I136p : 



2(dJ'"^+m+n) 





21 

Jab 





(143) 



(2J'^^f/2)^/2 ' 

Here the 5-function comes from the integration over x, that gives a non- vanishing 
result only if 

dP" + m + n-l = kP^ 



which can be equivalently written as 

dl"-"" + m + n-l 







(144) 



(145) 



using that the integer / is defined modulus On the other hand, as one can see 
from Eq. fll35p . d is an integer modulus /^". Therefore the result on the integration 
on the first torus is non vanishing only if, given the integers m,n,l, a value of d 
in the interval < d < 1°"^ — 1 can be found such that the quantity in Eq. (11451) is 
an integer. Then, including the constant term in z that appears in the second line 
of Eq. (I135p and assuming that there is a value of d such that the quantity in Eq. 
( I145p is an integer, one gets the contribution to the Yukawa coupling coming from 
the first torus T^: 

2m 21 n 
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(146) 



The charactheristc of the G function can be written in a more general way, which 
is valid for each value of the Chern classess, as follows \8]: 
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where we have made a ridefinition of the indices m,l m',l' which are still de- 
fined modulus J*'^ and modulus 1°"^ respectively. Such a redefinition is allowed for 
^jbc^ jab^ jca^ relative prime. Moreover, we have introduced n' = m' + I' which is 
defined modulus J™. Then substituting Eq. fll47p in Eq (11461) one gets 
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(148) 



where we have omitted the minus sign in the characteristic of the 6-function and 



used the property 



—a 




(o|t) = e 



a 




(0|t). 

t to the case of the torus T"^ x T"^ x 



In order to generalize the previous resu 
(always performing the choice in Eq. fHHl) ). we notice from Eq. (I129P that the 
following integral has to be computed both along the second and the third torus: 



rA^co- AO-b ibc 



(149) 



One has to apply again the addition formula (11341) to (pf' and 0™ if sign{I^^ 1^°-) > 
or to and (p^'^ if sign{lf'I^'^) > 0. Following the same calculations done in Eqs. 
(I135l) - (ll40p one ends with a normalization factor 
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for stgnilfr^") > 
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(150) 



Notice that with a choice different from the one in (HHj) . for instance , J™ < 
and I^'^ > 0), one should start from Eq. (11310 rather than Eq. (11291) and thus the 
integral to compute along the second and the third torus would be 



T2 



(151) 



and, instead of Eq. (ll50p . one would find: 
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one can write the two previous results in a unified way as 



(r) 
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1/2 



(154) 



for all the three tori. 

D Supersymmetry transformations 

The action of the ten-dimensional A/" = 1 super Yang- Mills, written in Eq. ([1]), is 
invariant under the global supersymmetric variations [15]: 

SAM='-eTMX ; S\ = —T^''' Fmn e (155) 

where e is a ten-dimensional constant spinor. Starting from the ten dimensional 
supersymmetry transformations and performing the Kaluza- Klein reduction we can 
determine the four-dimensional supersymmetries which are preserved in our flux 
compactification. This analysis can be carried in both the twisted and untwisted 
sectors. In the following we restrict our attention only to the twisted sector. In 
particular, by implementing in Eq. (11551) the decompositions written in Eq. (jl]), 
restricting our analysis only to the massless fields in the bifundamental represen- 
tation of the gauge group U{l)a x U{l)b, using Eq. (El) and the mode expansions 
given in Eq. (IT^ . we can write: 

N^, diiflUx) ® <l>fiy)] = t^e,^l^r\x) ® G,.-Ml''vf ® I r/2 ® €3 I v"' (156) 

Here, A^i and A^^ are the normalization factors that we have introduced in order 
to have four dimensional actions with the correct holomorphic properties, as exten- 
sively discussed in this paper. 

Eq. (11561) has been obtained by decomposing the ten-dimensional spinor e as a 
product of a four- dimensional spinor and three two-dimensional ones as follows: 



' = '<')®(.r j®(4 j^ll j 

in complete analogy with what we have done for the fermionic field. 

The scalar involved in Eq. (I156P is massless when the constraint written in Eq. 
(1201) is satisfied for r = 1 and with > 0. In the following we assume that both 
these conditions are satisfied. This means that the internal total wave-function of 
the scalar is: 



lab J,<^''i 1 r J,'*^! 

r=2 
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where the wave-functions for each torus are given in Eq. (125!) . Analogously, the 
internal two-dimensional spinors r^^ (r=l,2,3), which come from the decomposition 
of the six dimensional spinor rj, have, according to the Eq. (1122^ . positive chirality 
on the first torus and positive or negative chirality on the other two tori, depending 
on the sign of for r = 2, 3. These considerations allow us to write the susy 
transformation, in the following way: 



2 

^3 %,sign{lf)> ^^^^) 



sign{lf) ab,n^ 



where the 7-matrix written in Eq. flllSp has been used. This equation shows that, 
in order to have a non-vanishing expression, the constant two-dimensional spinors 
have to be taken equal to: = 1, €2*3"^^ ■* = 1 with all the other components 
being zero. With this choice and remembering the relation between the bosonic 
and fermionic wave function, written in equation fll25p . we have: 

- 'l2,sign{lf) 'l3,sign{lf) ^^^^^ 

where now the r/'s are the non-zero components of the chiral two-dimensional spinor. 
Introducing the scalar field ipi and the relation A^^^ = N^/^/2Tr, both already 
defined in Sect. 3, we can write the four- dimensional supersymmetric variation for 
the twisted fields as follows: 

s^f = y,ii^r\x) (161) 

which explicitly shows that the supersymmetric partner of the fermion ip is the field 



References 

[1] F. Marchesano, Intersecting D-brane models, Ph. D. thesis, |hep-th/ 0307262 

[2] C. Bachas and M. Porrati, Pair Creation of Open Strings in an Electric Field, 
Phys. Lett. B296 (1992) 77, hep-th/9209032, 

[3] D. Liist, P. Mayr, R. Richter and S. Stieberger, Scattering of gauge, mat- 
ter, and moduli fields from intersecting branes, Nucl. Phys. B696 (2004) 205, 
|hep-th/0404134[ 

[4] M. Bertolini, M. Billo, A. Lerda, J.F. Morales and R. Russo, Brane world 
effective actions for D-branes with fluxes, Nucl. Phys. B743 (2006) 1, 
hep-th/0512067 



32 



[5] N. Akerblom, R. Blumenhagen, D. Liist and M. Schmidt-Sommerfeld, Instan- 
tons and holomorphic couplings in intersecting D-brane models, JHEP 0708 

(2007) 044, hep-th/0705.2366. 

[6] M. Billo, M. Frau, I. Pesando, P. Di Vecchia, A. Lerda and R. Marotta, In- 
stanton effects in N=l brane models and the Kdhler metric of twisted matter, 
JHEP 0712 (2007) 051, hep-th/0709 . 0245 

[7] R. Blumenhagen and M. Schmidt-Sommerfeld, Gauge Thresholds and Kdhler 
metrics for rigid intersecting D-brane models, JHEP 0712 (2007) 072, 
hep-th/071 1.0866. 

[8] D. Cremades, L. E. Ibanez and F. Marchesano, Computing Yukawa couplings 
from magnetized extra dimensions, JHEP 0405 (2004) 079, |hep-th/ 0404229. 

[9] H. Abe, T. Kobayashi and H. Ohki, Magnetized orbifold models, JHEP 0809 

(2008) 043, hep-th/0806.4748. 

[10] J. Conlon, A. Maharana and F. Quevedo, Wave Functions and Yukawa 
Couplings in Local String Compactifications, JHEP 0809 (2008) 104, 
hep-th/0807.0789. 

[11] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, vol. 2, Cam- 
bridge University Press. 

[12] M. Billo, M. Frau, I. Pesando, P. Di Vecchia, A. Lerda and R. Marotta, 
Instantons in N=2 magnetized D-brane worlds, JHEP 0710 (2007) 091, 
hep-th/0708.3806. 

[13] J. Polchinski, String Theory, vol. 2, Cambridge University Press. 

[14] D. Mumford, Tata Lectures on Theta I, Birkhauser, Boston, 1983. 

[15] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, vol. 1, Cam- 
bridge University Press. 



33 



